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Is quantum mehanis based on an invariane priniple?
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(Dated: 27 Otober 2006)
Non-relativisti quantum mehanis for a free partile is shown to emerge from lassial
mehanis through an invariane priniple under transformations that preserve the Heisenberg
position-momentum inequality. These transformations are indued by isotropi spae dilations.
This invariane imposes a hange in the laws of lassial mehanis that exatly orresponds to
the transition to quantum mehanis. The Shrödinger equation appears jointly with a seond
nonlinear equation desribing non-unitary proesses. Unitary and non-unitary evolutions are
exlusive and appear sequentially in time. The non-unitary equation admits solutions that seem to
orrespond to the ollapse of the wave funtion.
PACS numbers: 03.65.Ta. Keywords: Dilatations, Heisenberg inequality, invariane, lassi-
al mehanis, quantum mehanis, non-unitary evolution, ollapse
I. Introdution
Quantization of lassial mehanis is generally not onsidered as deriving from an invariane priniple. While
relativity requires the invariane of the laws of nature under spae-time transformations, quantum mehanis
is usually presented as deriving from presriptions relating lassial quantities to Hermitian operators ating on
Hilbert spae. The former theory is deeply rooted in spae-time geometry, the latter is not. This deep dierene is
perhaps one of the main obstales hampering the onstrution of a oherent theoretial framework for quantum gravity.
In ontrast with this state of matter, very few attempts have been made to investigate the possibility that
quantum mehanis ould be derived from an invariane priniple or, more generally, from spae-time geometry.
Among these works, the most relevant are the theory developed by L.Nottale based on a fratal spae-time and the
priniple of sale relativity, and the approah of E.Santamato and C.Castro relying on a Weyl geometry for spae-time.
L.Nottale and ollaborators [1℄,[2℄,[3℄ are developing a general theoretial framework in whih, as said above,
spae-time is supposed to have a fratal geometry. A seond fundamental axiom of this theory is a generalization
of the relativity priniple to the sale transformations: The laws of Nature must be valid in every oordinate
systems, whatever their state of motion or of sale. We share ompletely this seond axiom in our work, though, our
implementation of it is dierent.
Let us dwell more in details on the L.Nottale's theory. The assumption of a fratal struture of spae-time reets
the fat that trajetories of elementary quantum partiles are of fratal dimension two. This orresponds to the
property rst disovered by R.Feynman [4℄ that quantum trajetories, if one take their existene for granted, are of
fratal dimension two. The non-dierentiability of the trajetories on suh a fratal spae results in the existene of
two veloity vetors at eah point of the trajetory, the forward and bakward tangent vetors. Their very existene
permits a derivation of the Shrödinger equation using a sheme that is reminisent of Nelson's stohasti mehanis
[5℄. This is natural as the Brownian motion on whih stohasti mehanis is based generates trajetories that are
also of fratal dimension two. Suh trajetories ould indeed reet the fratality of the spae that bears them instead
of resulting from a suession of random ollisions. The non-dierentiability of spae and the bi-veloity struture of
trajetories that follows from it lead to the introdution by L.Nottale of a sale-ovariant omplex time derivative.
This operator is a omplex ombination of the forward and bakward derivatives assoiated to Brownian diusion.
The replaement of usual time derivatives by sale-ovariant ones in the laws of lassial mehanis generates the
quantum laws and the Shrödinger equation. This method is not limited to non-relativisti quantum mehanis but
works also for the Klein-Gordon [6℄ and the Dira equations [7℄. It also provides interesting results in quantum eld
theory and high energy physis [8℄.
As already said, sale relativity orresponds to the invariane of the laws of physis under sale transformations [2℄
linking observers with dierent resolutions or sale states. In the Nottale's theory, these transformations at on eah
ouple of variables that are a physial eld and its anomalous dimension. These variables are transformed under
a dilatation or ontration of the observer's resolution. Improving a demonstration of the Lorentz transformations
proposed by J.M.Levy-Leblond [9℄, L.Nottale assumes that it an also be applied to relativity of sale and obtains
an expliit form for the sale transformations. A strong onsequene of these transformations is the predition of
2an absolute and invariant minimum limit for lengths and times whih is tentatively related to the Plank sale.
Comparisons of these transformations and their onsequenes with those proposed in our work are disussed in the
sequel of the present artile.
The other main geometri approah to quantum mehanis is that developed mainly by E.Santamoto [10℄, [11℄,
C.Castro [12℄ and other researhers. Their theory is based on the assumption that spae obeys a Weyl geometry.
This, briey said, orresponds to the hypothesis that the length of a vetor whose origin is displaed parallely to itself
along an arbitrary urve in suh a spae, hanges along its path. Suh spaes are not at and are haraterized by
their Weyl urvature. The approah of E.Santamato and C.Castro involves from the start a probabilisti ingredient
by assuming an initial statistial ensemble of positions for the partile. The dynamial law for a free partile is then
derived from a variational problem assoiated to a funtional whih is essentially the expetation over the position
probability ensemble of the lassial Lagrangian plus a supplementary term representing a oupling to the Weyl
urvature of the spae. As a result, the hange in length of a parallely displaed vetor an be related to the gradient
of the logarithm of the position probability density. The above authors are, then, able to show that the quantum
potential [13℄ is proportional to the Weyl salar urvature of the spae. This, in turn, leads to an elegant derivation
of the Shrödinger equation.
The two theories desribed above involve a ommon element: The importane they asribe to sale transformations
for understanding quantum mehanis. This is also a main aspet of the work presented in this paper.
Let us now turn to the results of the present artile. The theory we propose here also relies on sale transfor-
mations between observers with dierent preisions and assumes the invariane of the laws of Nature under these
transformations. Observers or frames of referenes are haraterized not only by the origins of their spae and time
oordinates, the relative diretion of their respetive axis, their relative veloities but also by the relative auray or
resolution of their measurements. Preision of measurements is, onsequently, embodied in geometry and the laws of
nature must be invariant under preision sale transformations. In other words, quantum mehanis is viewed here as
a kind of relativity theory under sale transformations, like in the Nottale's theory. Yet, in ontrast with the latter,
in our approah these transformations are simple homogeneous and isotropi dilatations of position variables , i.e. in
the Nottale's terminology, they are "Galilean" sale transformations. They at as usual spae dilatations on elds.
Hene, in our approah a ouple made of a eld and its anomalous dimension does not undergo a Lorentzian-like
sale transformation like those that are obtained in the work of L.Nottale.
Our only requirement is the invariane of the Heisenberg inequality under position spae dilatations. As shown
in the sequel, the ation of these transformations on the lassial denitions of the statistial unertainties of the
position and momentum of a free partile do not preserve the Heisenberg position-momentum inequality. As a
onsequene, we have to impose a modiation of the denition of these unertainties. Let us insist on the fat
that this does not imply a hange in the way the fundamental elds transform but, merely, in the way two global
quantities, the statistial dispersions of position and momentum, that are funtionals of these elds, transform. Sine
our desription is based on elds - for a free partile these are its position probability density and its ation- dened
on the position spae, the only statistial moment that an be modied is the one haraterizing the dispersion of
momentum. Indeed, the only stohasti element assumed here onerns the position of the partile. Though, the
quadrati position dispersion an be dened in an innity of ways, all of these denitions must be homogeneous
funtionals of degree one of the position probability density only and must have physial dimension of the square of
a length. These properties impose a unique transformation rule under spatial dilatations for the position dispersion
as the transformation of the position probability density is onstrained by the onservation of normalization. This is
not the ase for the momentum dispersion as momentum, in position spae, is a derived quantity. Hene, the only
statistial quantity that an be modied in order to keep the Heisenberg inequality invariant under dilations is the
momentum unertainty. This leads to a deep hange in the dynamial law. Indeed, sine the quadrati momentum
dispersion is a linear funtion of the kineti energy, its modiation entails a hange in the denition of the kineti
energy of the partile. As explained below and in the next hapter, the modiation is uniquely determined and
onsists in a supplementary term whih happens to be exatly the quantum potential [13℄, thereby leading to a
derivation of the Shrödinger equation.
However, this is not the unique result. Our theory does not only reover the unitary dynamial evolution generated
by the Shrödinger equation: It also provides a non-unitary and nonlinear evolution equation for the wave funtion.
This equation belongs to a large family of nonlinear Shrödinger equations known as the Doebner-Goldin family of
3equations [14℄. The system of both Shrödinger and the new equations, is invariant under sale transformations
provided time is also transformed in a spei way. At rst sight, the non-unitary evolution seems to unfold in
a time variable that is dierent from that of the unitary evolution. However, it is argued that the two types of
evolutions an only appear sequentially for a partile and, onsequently, the two time parameters are the same but
the natures of the two kinds of dynamial proesses are fundamentally dierent. Though more work is needed, we
present some reasons to believe that the non-unitary dynamis orresponding to the new equation ould be related
to proesses like the ollapse of the wave funtion. Arguments in favor of this interpretation are the followings. First,
the non-unitary equation an be exatly linearized into a ouple of forward and bakward pure diusion equations
[15℄. This orresponds rigorously to the so-alled Eulidean quantum mehanis. Next, the system of forward and
bakward diusion equations is shown to admit a lass of solutions orresponding to a ouple of presribed initial
and nal onditions as indiated in an early artile by E.Shrödinger [18℄ and more reently rigorously proved by
J.C.Zambrini and ollaborators [19℄, [20℄. Hene, among the solutions of this system there exists a subset of possible
dynamial evolutions, the so-alled Bernstein Markovian proesses [21℄, starting from a speied initial state or wave
funtion and reahing a redued state orresponding to a measurement proess. This is possible for the non-unitary
evolution equation but not, of ourse, for the unitary, Shrödinger equation. In this sheme dynamial evolution ould
be seen as a suession of unitary and non-unitary proesses respetively desribed by the two quantum equations.
Before ending this Introdution, we should quote another important approah related to the question of the
emergene of quantum mehanis, that of M.J.W. Hall and M. Reginatto [16℄, [17℄. This is even more neessary
as we are using some important results of their work in our derivation. These authors assume that unertainty is
the essential property in whih quantum and lassial mehanis dier. This point of view leads them to postulate
the existene of non-lassial utuations of the momentum of a physial system. They assume, furthermore, that
these utuations are entirely determined by the position probability density funtion. This enables them to derive
the quantum dynamial law from the lassial mehanis of a non-relativisti partile. To do so, they need two
supplementary postulates that are ausality and the additivity of the energy of N non-interating partiles. These
last two postulates are also neessary in our derivation.
Both their theory and ours alloate a fundamental importane to the Heisenberg unertainty priniple. Yet, the
dierene between the two approahes resides in the fat that the former needs to postulate the existene of
non-lassial momentum utuations and to assume that their statistial amplitude only depends on the position
probability density. In ontrast, in our work, these two postulates are derived from an invariane priniple under
sale transformations aeting the position and momentum unertainties and preserving the Heisenberg inequality.
These dierenes and similarities will be analyzed more deeply in the ourse of the present report.
The ourse of this artile is the following. In the seond hapter, we introdue our main postulate stating that the
laws of Nature must be invariant under sale transformations. Among the laws of physis, the Heisenberg position-
momentum inequality must be kept invariant by these transformations. We, then, dedue from that postulate the
transformation rules of the position and momentum unertainties.
In the third hapter, we show that the lassial mehanial denition of the momentum unertainty is inompatible
with these transformations. We are, thus, led to modify the lassial denition of the momentum unertainty in order
to satisfy the imposed transformation rules. This modiation is onstrained by the transformations rules derived
from our postulate and by the Hall-Reginatto onditions of ausality and additivity of the kineti energy of a system
of non-interating partiles. This leads to a omplete speiation of the funtional dependane of the supplementary
term orresponding to the modiation. The latter turns out to be proportional to the quantum potential. The
passage from lassial to quantum mehanis is, thus, fullled as the Shrödinger equation is a simple onsequene of
this result.
The fourth hapter is devoted to the study of the variane under spae dilations of the Shrödinger equation. It
is shown that the latter is invariant jointly with another evolution equation for the wave funtion that is nonlinear
and desribes non-unitary proesses in a new time parameter. Under a general spae dilation and provided a spei
transformation of the two times is performed, the Shrödinger equation and the new equation are invariant.
In the fth hapter we disuss the possible physial meaning of the nonlinear Shrödinger equation obtained in the
preedent hapter. We rst show that the time parameter assoiated to it is not independent from the usual time
appearing in the linear Shrödinger: The evolutions respetively desribed by the linear and nonlinear equations must
be suessive. Hene, the only dierene between the two times is a translation of their origins. Basing our arguments
on an idea initiated by E.Shrödinger, we also show that the new equation admits a lass of solutions that ould
represent proesses of wave funtion ollapses. The hapter ends with general onlusions.
4II. Spae dilatations and main postulate
Let us onsider a non-relativisti spinless free partile of mass m in the 3-dimensional Eulidean spae. In that
spae, observers are supposed to perform position measurements on the partile with instruments of limited preision.
Hene, at a given instant the exat position of the partile is a random variable distributed with a probability density
ρ(x). Limited preision on position measurement indues, in turn, unertainty on momentum. Thus, an observer is
haraterized by parameters denoting the statistial position and momentum unertainties of its instruments. These
parameters, let us all them ∆xk and ∆pk, for k running from 1 to 3, are not uniquely dened as there exist many
statistial measures of utuations for a given probability distribution. For example, ∆xk
2
ould be dened as the
entered seond moment of a given position probability density ρ(x) or as the Fisher length [23℄ assoiated to the
same probability density.
In our piture, observers haraterized by dierent values of their measurement unertainties are related by spae
dilations. Our main postulate is the following: Under dilations of spae oordinates, the laws of physis must be
invariant. In partiular, the Heisenberg position-momentum inequality
∆xk
2∆pk
2
>
~2
4
(1)
must be invariant for any of the three values of k.
This means that the parameters ∆xk and ∆pk must transform under spatial dilations in suh a way that the above
Heisenberg inequalities are kept invariant. In other words, the Heisenberg inequality is a fundamental invariant for
the hanges of preision relating all the observers, and preision beomes part of the geometrial desription of the
physial spae.
To avoid proliferation of indies, we drop in the sequel the index k exept in plaes where this would lead to an
ambiguity. However, one must keep in mind that, when they appear in the same formulae or system of equations,
∆x and ∆p respetively represent omponents labeled by the same value of the index k.
In order to implement the above postulate, let us now study its onsequenes. More preisely, let us onstrut the
transformation law that the quantity ∆x2∆p2 should undergo in order to fulll the postulate.
Under an isotropi spatial dilatation of parameter α, x→ e−α/2x, where α belongs to R, the produt ∆x2∆p2 will
transform as
∆x′
2
∆p′
2
= f(∆x2∆p2, α) (2)
In a suession of a dilatation of parameter α1 followed by a seond one of parameter α2, one should get
f(f(∆x2∆p2, α1), α2) = f(∆x
2∆p2, α1 + α2) (3)
Notie the additive harater of the parameter α. It results from the additivity of this parameter in the spatial
dilations. This property also implies the ommutativity of the two transformations of parameters α1 and α2.
The identity transformation should ontinuously be reahed when taking the limit α→0
limα→0f(∆x
2∆p2, α) = ∆x2∆p2 (4)
Furthermore, our postulate imposes the following ondition
limα→∞f(∆x
2∆p2, α) =
~2
4
(5)
for any values of ∆x2∆p2>~
2
4 .
The above onditions amount to impose a one-parameter ontinuous group struture for the set of these transfor-
mations along with the existene of a xed point,
~
2
4 , for them.
These onditions are insuient to haraterize a unique form for the funtion f(∆x2∆p2, α). We shall, heneforth,
resort to introduing the following supplementary but natural onstraint. In the limit ~→0, the above transformation
is expeted to redue to
∆x′
2
∆p′
2
= e−2α∆x2∆p2 (6)
5The reason for this form goes as follows. Under dilations x→ e−α/2x, the quantity ∆x2 , whatever the hoie made
among its dierent possible denitions, as disussed in the introdution, must transform as
∆x′
2
= e−α∆x2 (7)
This law should not hange in the limit ~→0 as the denition of ∆x2 should not be aeted by the passage from
lassial to quantum mehanis as already disussed in the introdution. The above transformation of ∆x2 omes
from the fat that under a x→ e−α/2x dilation, the position probability density ρ(x) transforms as
ρ′ (x) = e
3α
2 ρ(e
α
2 x) (8)
This transformation law preserves the normalisation of the probability density ρ [22℄. Let us now onsider the
transformation law for∆p2. Remember that by this notation we denote the quadrati unertainty of a given omponent
of the vetor p. The denition of this quantity for a lassial partile whose initial position is known only statistially
via the position probability density ρ is given by
∆pcl
2 =
∫
d3xρ(∂s)
2
−
(∫
d3xρ∂s
)2
(9)
where ∂ denotes any omponent of the 3-D spatial gradient orresponding to the omponent of ∆pcl we are on-
sidering in the above equation. In equation (9), s(x) represents the lassial ation of the partile. We shall onsider
the following transformation of s(x) under spatial dilatations
s′ (x) = e−αs(e
α
2 x) (10)
This transformation of the ation is justied by the fat that the lassial Hamilton-Jaobi equation for a free
partile of mass m and the ontinuity equation
∂ts = −
|∇s|
2
2m
(11)
∂tρ = −∇.
(
ρ
∇s
m
)
(12)
are kept invariant under isotropi dilations of spae oordinates, x′ = e−α/2x, provided s(x) and ρ(x) transform
as stated above. The above transformations are dierent from those usually onsidered in studies of the onformal
invariane of the Hamilton-Jaobi equation [31℄, [30℄ where time is also dilated.
Turning bak with these results to the transformation law for the lassial denition of ∆pcl
2
, we easily nd
∆p′cl
2
= e−α∆pcl
2
(13)
This leads, of ourse to
∆x′
2
∆p′cl
2
= e−2α∆x2∆pcl
2
(14)
The above reasoning justies our previous onstraint (6) on the limiting form of the funtion f(∆x2∆p2, α) when
~→0. The dependene in ∆x2∆pcl
2
in that limit is linear. Owing to this, we shall assume a linear dependene on
∆x2∆p2 for the funtion f(∆x2∆p2, α)
∆x′
2
∆p′
2
= g(α)∆x2∆p2 +
~2
4
k(α) (15)
Though the linearity property introdued above is not ompletely demonstrated by the previous reasoning, we use
it for its simpliity with the hope that further work will justify it ompletely. The above onditions provide two
oupled funtional equations for the two funtions g(α) and k(α)
g(α1)g(α2) = g(α1 + α2) (16)
g(α2)k(α1) + k(α2) = k(α1 + α2) (17)
6Using also the equation obtained from the permutation of indies 1 and 2 in the last equation along with the two
equations above, we are led to the following result
∆x′
2
∆p′
2
= e−nα∆x2∆p2 +
~2
4
(
1− e−nα
)
(18)
The onstant n is then found to be equal to 2 by using the limiting form (6) of the transformation for ~→0 and we
get
∆x′
2
∆p′
2
= e−2α∆x2∆p2 +
~2
4
(
1− e−2α
)
(19)
Now, with the transformations on ∆x2 and on ∆x2∆p2 found above one an easily derive the transformation rule
for ∆p2. Finally, our postulate leads to the following transformations for ∆x2 and ∆p2
∆x′k
2
= e−α∆xk
2
(20)
∆p′k
2
= e−α∆pk
2 +
~
2
4
(
eα − e−α
) 1
∆xk
2 (21)
where the parameter α is any real number. Exeptionally, we have restored index k running from 1 to 3 in the
above formulae in order to stress again the fat that these laws are dened omponent-wise.
The group property of these transformations is easily veried. The asymptoti behaviour under these transfor-
mations is also readily heked: When α→+∞ one has ∆x′2∆p′2→~
2
4 . If ∆x
2∆p2 is already equal to ~
2
4 then
the produt ∆x′
2
∆p′
2
keeps the value
~
2
4 for any value of α. For α→-∞, ∆x
′2∆p′
2
→+∞ for any value of∆x2∆p2≥~
2
4 .
These above remarkable properties bear some similarities with the Lorentz transformations. In analogy with the
fat that the veloity of light onstitutes an upper limit for the veloities of material bodies, the parameter
~
2
4
represents a lower limit for the produt of unertainties ∆x2∆p2. This produt plays a role similar to veloity in the
Lorentz transformations. Latter in the artile, the analogy will appear even more striking.
At this level, a omparison with the sale relativity theory developed by L.Nottale an be made. Though,
the fundamental sope of his theory and ours are the same, its implementation presents dierenes. The sale
transformations laws of L.Nottale's theory are given in the formulae (6.8.1a) and (6.8.1b) of referene [2℄. Formula
(6.8.1a) onerns the dilatation ratio while (6.8.1b) onerns a sale-dependent eld and its anomalous dimension in
the sense of the renormalization group theory. The transformation (6.8.1a) gives the omposition of two suessive
dilations, while (6.8.1b) is a sale transformation that an be applied to the position vetor whih, itself, an be
treated as a eld with its own anomalous dimension. These transformations are not idential to the lassial dilations
x → e−α/2x used in our approah. The latter orrespond to "Galilean" saling transformations in the Nottale's
terminology. Moreover, the ouple of variables that mix up in the "Lorentzian" sale transformations of L.Nottale
are a eld and its anomalous dimension. In ontrast, the ouple of variables that are mixed up in our sale transfor-
mations are the unertainties assoiated to a ouple of lassially anonial variables that are position and momentum.
Let us ome bak to the aount of our results. As we already mentioned, the denitions of ∆x and of ∆p as
funtionals of s(x) and ρ(x) are still unspeied. Their funtional forms are derived in the next hapter from the
ondition that they transform under spatial dilations as postulated above.
III. Reovering the quantum law of dynamis
We now show that our postulate of the fundamental role of transformations (20), (21) imposes a radial modiation
of the laws of dynamis that preisely orresponds to the passage from lassial to quantum mehanis.
To do so, let us start from the lassial mehanial desription of a free non-relativisti partile of mass m in the
3-D Eulidean spae. As we did in the previous hapter, in order to take into aount from the beginning the nite
preision of the observer, we introdue an ensemble of initial positions haraterized by the probability density ρ(x) .
This funtion together with the lassial ation of the partile, s(x), are the basi variables of the formalism. They are
7elds and due to this lassial mehanis appears here as a eld anonial theory [24℄. Let us stress that by assum-
ing an initial position probability density we introdue only lassial utuations of the position variable in the theory.
The time evolution of any funtional of type
A =
∫
d3xF (x, ρ,∇ρ,∇∇̺, ..., s,∇s,∇∇s, ...) (22)
of the two variables ρ and s and their spatial derivatives, at least one funtionally dierentiable in terms of ρ and
s, is given by
∂tA = {A,Hcl} (23)
where
Hcl =
∫
d3x
ρ|∇s|
2
2m
(24)
is the lassial Hamiltonian funtional and
{A,B} =
∫
d3x
[
δA
δρ(x)
δB
δs(x)
−
δB
δρ(x)
δA
δs(x)
]
(25)
where
δ
δρ(x) and
δ
δs(x) are funtional derivatives. The above funtional Poisson braket endows the set of funtionals
of type (22) with an innite Lie algebra struture G.
Any funtional belonging to G, and Hcl is one of them, generates a one-parameter ontinuous group of transfor-
mations. The time transformations are generated by Hcl. Equation (23) when applied to ρ(x) and s(x) respetively,
yields the ontinuity equation and the Hamilton-Jaobi equation
∂tρ = −∇.
(
ρ
∇s
m
)
(26)
∂ts = −
|∇s|
2
2m
(27)
where the gradient ∇s is the lassial momentum of the partile. It is a random variable over the ensemble of
initial onditions orresponding to ρ(x).
Now let us onsider the group of spae dilatations x→e−
α
2 x and its ation on ρ and s
ρ′ (x) = e
3α
2 ρ(e
α
2 x), s′ (x) = e−αs(e
α
2 x) (28)
where α is any real number. We have already disussed these transformations in the previous hapter. The
important point to keep in mind is that they keep the dynamial equations (26) and (27) invariant.
To simplify the desription, let us assume that the average momentum of the partile is vanishing. This orresponds
to a partiular hoie of a "omoving" frame of referene but, by no means, redues the generality of our results. The
general results an, indeed, be retrieved by performing an arbitrary Galilean transformation. In this partiular frame,
the lassial denition of the quadrati unertainty for a given omponent k of the momentum is given by
∆pcl,k
2 =
∫
d3xρ(∂ks)
2
(29)
We now drop the index k , as in hapter II. Under transformations (28), ∆pcl
2
transforms as
∆p′cl
2
= e−α∆pcl
2
(30)
Also, as disussed earlier, any denition of the salar quadrati position unertainty measuring the dispersion of
ρ(x), ∆x2, transforms omponent-wise as
∆x′
2
= e−α∆x2 (31)
8Here, as in equations (20) and (21), the quantity ∆x2 still remains unspeied. Not surprisingly, equation (30)
shows that the lassial quadrati momentum unertainty does not obey the transformation rule (21) presribed by
our postulate. As already disussed in hapter II, the transformation law (30) orresponds to the rst term in the right
hand side of equation (21). As a onsequene, the requirement of transformations (20) and (21) to be fundamental
ompels us to modify the denition (29) of ∆pcl
2
in order to get a quantity ∆p2 whose variane satises equation
(21). This equation involves the onstant ~2. Moreover, the new denition of ∆p2 should redue to the lassial
one when ~ tends to zero. Indeed, in lassial mehanis the hanges in the auray of position and momentum
measurements are not onstrained by the Heisenberg inequality. This is lear when onsidering equation (14). The
desired modiation to the denition (29) should, thus, onsists in adding a supplementary term proportional to ~2.
Indeed, the new quantity ∆p2 must transform under isotropi dilations x→ e−α/2x and laws (8), (10) in suh a way
that, at least, the rst term of the right hand side of equation (19) is retrieved.
Let us translate this onstraint by adding a new term to the above denition of ∆pcl
2
and get a new expression for
the quadrati momentum unertainty whih, from now on, we shall denote by ∆pq
2
∆pq,k
2 =
∫
d3xρ(x)
(
∂ks(x))
2 + ~2Qk (32)
where the index k runs from 1 to 3. We shall drop this index k in the sequel and restore it only when it is neessary
for larity.
We now impose the ondition that the spatial dilations and rules (8), (10) should transform the quantity ∆pq
2
as
presribed by equations (20), (21), and prove that this redues the set of possible funtional forms of Q.
First, note that following denition (29), the sum of the quadrati unertainties (29) for the three omponents of the
lassial momentum is proportional to the lassial energy funtional (24). This is due to our hoie of a omoving
inertial referene frame. It is natural to onsider that this proportionality is preserved for the new denition of the
quadrati momentum unertainty ∆pq
2
we are looking for. It is also reasonable to assume that the energy funtional
should belong to the Lie algebra G. Hene, the new term Q must also be a funtional belonging to the Lie algebra
G, that is, it must be of the form (22). This onlusion is, of ourse, valid for the three omponents Qk.
Let us now apply the dilatation with the rules (8) and (10) to the denition (32) of ∆pq
2
. This leads to
∆p′q
2
= e−α∆pcl
2 + ~2Q
′
(33)
where Q
′
is the transform of Q .
Adding and subtrating an appropriate term, e−α~2Q, to the right hand side of equation (33) and using again
denition (32), we get
∆p′q
2
= e−α∆pq
2 + ~2(Q
′
− e−αQ) (34)
The identiation of this equation with equation (21) imposes
Q
′
− e−αQ =
1
4∆x2
(
eα − e−α
)
(35)
whih, using equation (20), an be transformed into
Q
′
−
1
4∆x
′2
= e−α(Q−
1
4∆x2
) (36)
This equation possesses an innity of solutions. However, its form indiates the existene of a relation between Q
and ∆x2 that is sale independant
Qk =
1
4∆xk
2 (37)
where the index k has temporally been restored. This partiular solution is the only one for whih the relation
between ∆pq
2
and ∆x2 is independant from the sale exponent α. Furthermore, the sum of ∆pq,k
2
for the three
values of the index k should be proportional to the Hamiltonian funtional, the generator of dynamis. One would,
thus, expet that the latter keeps the same form in term of ∆x2, independently of α. In other words, an observer
9should not be able to infer the value of α by doing only internal measurements of motion. This argument justies the
hoie of solution (37) on physial ground.
We are, thus, led to the onlusion that the supplementary term neessary to obtain a denition of ∆pq
2
that is
ompatible with the dilations and (20), (21) is inversely proportional to ∆x2, equation (37). As this quantity only
depends on the probability density ρ(x), it is obvious that Q must be a funtional of the form (22) that does not
depend on the ation s(x) or any of its spatial derivatives.
One should keep in mind, at this level, that the preise denition of the quadrati position unertainty, ∆x2, that
appears in transformations (20), (21) and in relation (37) is still undetermined at this level. This ambiguity is now
lifted by onsidering the work of M.J.W. Hall and M. Reginatto [16℄, [17℄ already mentioned in the Introdution. Their
fundamental statement is the following. In order to explain the transition from lassial to quantum mehanis they
assume that the lassial momentum ∇s(x) is aeted by non-lassial utuations represented by an additional ran-
dom variable of zero average and without orrelation with ∇s(x). As a onsequene, the salar quadrati momentum
unertainty ontains the lassial term ∆pcl
2
plus a orretion representing the quadrati average of the above utu-
ations. Let us stress that this is equivalent to our addition of a supplementary term ~2Q in equation (32), although,
the reason invoked by Hall and Reginatto for adding this new ontribution is ompletely dierent from ours. In our
approah this term omes from the neessity for the quadrati momentum unertainty to obey the transformation law
(21) under dilatations, while in the Hall-Reginatto theory, utuations are just postulated to exist. More preisely,
the trae of the statistial ovariane of their utuations orresponds to the sum of our supplementary terms Qk for
the three values of the index k . The next step in the Hall-Reginatto derivation is the assumption that this additive
term is only determined by the unertainty in position, i.e. it only depends funtionally on ρ(x). Moreover, this term
is assumed to behave like the inverse of ∆x2 under dilatations. These two last assumptions onstitute what they
all the exat unertainty priniple. By omparison, in our approah these two assumptions are derived from the
requirement for ∆pq
2
to transform as equations (20) and (21) under spae dilatations and from the requirement that
the value of α ould not be known by an observer by using only measurements made in his own frame of referene.
At this level both our supplementary term Q and the quadrati average of the Hall-Reginatto's utuations have
the same harateristis. We, thus, an now follow the rest of the Hall-Reginatto reasoning in order to get a omplete
determination of the funtional expression of this term. To do so, they require two more priniples that are very
natural. Let us summarize them. The rst one is ausality. As we already stressed, the quadrati momentum
unertainty is related to the energy funtional whih, in turn, is the generator of dynamial motion. In our omoving
frame of referene, this amounts to
Hq =
3∑
k=1
∆pq,k
2
2m
(38)
The ausality ondition means that the equations of motions generated by Hq should be ausal, i.e. the existene
and uniity of their solutions should require only the speiation of ρ(x) and s(x) on an initial surfae. This ondition,
ombined with the exat unertainty priniple, enables Hall and Reginatto to show that Q should only depend on the
rst order spae derivatives of ρ(x).
The seond priniple required in the Hall-Reginatto theory is the so-alled independane ondition, in other words,
the Hamiltonian of N non-interating partiles must be the sum of N terms. Eah of these terms represents the kineti
energy of a partile and only depends on the variables of that partile.
Using these priniples, Hall and Reginatto are able to prove that the unique funtional form for Qk is
Qk = β
∫
d3x
(
∂kρ(x)
1/2
)2
(39)
where k runs from 1 to 3. Next, the onstant β is shown to be equal to one in order to nd, using equation (38),
the quantum Hamiltonian funtional whih in the variables ρ(x) and s(x) reads
Hq =
∫
d3x
[
ρ(x)|∇s(x)|
2
2m
+
~2
2m
∣∣∣∇ρ(x)1/2∣∣∣2
]
(40)
Simultaneously, we obtain the omplete determination of ∆xk that appears in equations (20) and (21) by using
the relations (37) and (39). Interestingly, what is obtained is not the usual denition orresponding to the seond
order entered statistial moment of the omponent k of the position vetor x. The denition obtained here is, up to
a numerial fator, proportional to the lassial Fisher length [22℄, [23℄ assoiated to the position probability density
ρ(x).
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The funtional Hq generates the quantum time evolution of any funtional A of the algebra G via equation (23)
where Hcl is to be replaed by Hq. When A is speialized to s(x) an easy alulation leads to a modied Hamilton-
Jaobi equation
∂ts = −
|∇s|
2
2m
+
~
2
2m
∇2ρ1/2
ρ1/2
(41)
while the ontinuity equation for ρ(x), equation (26), is preserved. The supplementary term appearing in the
Hamilton-Jaobi equation an be reognized as the so-alled quantum potential [13℄. Due to the presene of this
typially quantum ontribution, the Shrödinger equation is readily obtained from equation (41) and the ontinuity
equation (26) by performing the transformation from the variables ρ(x) and s(x) to the wave funtion variables ψ and
ψ∗
ψ = ρ1/2eis/~ (42)
Notie that in the algebra dened by the Poisson braket (25), the above transformation is anonial.
Let us summarize. We have derived the quantum evolution law for a free non-relativisti spinless partile in 3-
D at spae from the requirement that the quadrati unertainties on position and momentum should satisfy the
transformations rules (20) and (21) together with the ausality and independane priniples. The form in whih we
obtain quantum mehanis is that of the anonial eld theory whih has been introdued and studied from dierent
points of view by various authors [25℄, [26℄, [27℄, [28℄. None of these authors, however, derives quantum mehanis
from an invariane priniple as we do here.
IV. Sale invariane and the non-unitary evolution equation
Let us now onsider the variane of the Shrödinger equation under the spatial dilatations and transformation laws
(8), (10). By adding and substrating adequate terms, the transformation of the Hamiltonian funtional (40) under
these transformations an be ast in the expliit form
H′q[ρ, s,∇ρ,∇s] = coshα
∫
d3x
[
ρ(x)|∇s(x)|
2
2m
+
~
2
2m
∣∣∣∇ρ(x)1/2∣∣∣2
]
−
sinhα
∫
d3x
[
ρ(x)|∇s(x)|
2
2m
−
~2
2m
∣∣∣∇ρ(x)1/2∣∣∣2
]
(43)
where H′q, as a funtional of ρ(x), s(x) and their respetive spatial derivatives, is obtained from
H′q[ρ, s,∇ρ,∇s] ≡ Hq[ρ
′, s′,∇ρ′,∇s′] (44)
in whih ρ′, s′,∇ρ′,∇s′ are derived from equations (8), (10).
The rst term in the right hand side of equation (43) is proportional to Hq[ρ, s,∇ρ,∇s] while the seond term
ontains a fator that is similar to Hq[ρ, s,∇ρ,∇s] up to a sign in the integral. Let us all Kq this fator
Kq[ρ, s,∇ρ,∇s] ≡
∫
d3x
[
ρ(x)|∇s(x)|
2
2m
−
~2
2m
∣∣∣∇ρ(x)1/2∣∣∣2
]
(45)
The physial dimension of Kq is learly the same as that of Hq, i.e. it is an energy. As any funtional belonging to
the algebra G, Kq is the generator of a one parameter ontinuous group. Let us denote by τ the parameter of that
group. Sine Kq has the dimension of an energy, the dimension of τ is that of a time. In terms of this new funtional,
the transformation (43) an be rewritten in a more ompat notation as
H′q = coshα Hq − sinhα Kq (46)
while Kq an easily be shown to transform as
K′q = −sinhα Hq + coshα Kq (47)
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Notie that these transformations stritly derive from equations (20), (21).
Hene, under the dilatations and transformations (8), (10), the ouple (Hq , Kq) transforms as a 2-D Minkowski
vetor under a Lorentz-like transformation. One easily shows that this indues the following transformations on the
group parameters t and τ respetively assoiated to Hq and Kq
t′ = coshα t+ sinhα τ (48)
and
τ ′ = sinhα t+ coshα τ (49)
Now, any funtional A of the algebra G an be onsidered as a funtion of both t and τ , and its evolution in both
times variables is given by
∂tA = {A,Hq} (50)
and
∂τA = {A,Kq} (51)
Let us perform a dilation transformation of parameter α on equations (50) and (51). A simple alulation yields
∂t′′A
′ = {A′,H′q} (52)
and
∂τ ′′A
′ = {A′,K′q} (53)
where t′′ and τ ′′ orrespond to the resaling of t′ and τ ′ by a fator e−α
t′′ = e−α(coshα t+ sinhα τ) (54)
and
τ ′′ = e−α(sinhα t+ coshα τ) (55)
The neessity of resaling the time variables omes from the fat that the spatial dilation and laws (8), (10) do not
onstitute a anonial transformation in the sense of the Poisson braket (25). This is related to the non-onservation
of the ation in this transformation. The anonial harater is restored by the above time resaling. In other words,
we have proven that the equations of evolutions generated by both Hamiltonian funtionals are ovariant under
transformations (8), (10) provided their respetive time parameters are transformed as presribed by equations (54),
(55).
The Shrödinger equation is a partiular ase of equation (50) for
A = ψ = ρ1/2eis/~ (56)
and the alulation of the Poisson braket leads to the usual form
i~∂tψ = −
~2
2m
∇2ψ (57)
Now, the wave funtion, ψ, an also be onsidered as a funtion of τ . Its evolution equation in this parameter is
easily derived from equation (51) and reads
i~∂τψ = −
~2
2m
∇2ψ +
~2
m
ψ
∇2 |ψ|
|ψ|
(58)
We shall disuss the possible physial interpretation of this equation in the next hapter.
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As a result of the above results, the system of equations (57) and (58) is ovariant under the spae dilatations and
its transform reads
i~∂t′′ψ
′ = −
~
2
2m
∇2ψ′ (59)
i~∂τ ′′ψ
′ = −
~2
2m
∇2ψ′ +
~2
m
ψ′
∇2 |ψ′|
|ψ′|
(60)
where the transformation of the wave funtion
ψ′ (x) = e
3α
4 [ψ(e
α
2 x)]
1+e−α
2
[ψ∗(e
α
2 x)]
1−e−α
2
(61)
diretly derives from the dilatation laws (8), (10). The nonlinearity of transformation (61) is remarkable and
ontrasts with the linear transformation rules that generally are assumed in the studies of invariane groups of the
Shrödinger equation [30℄, [31℄, [32℄. The reason for that dierene learly appears when onsidering among others
the artile by P. Havas [30℄. In this work, the transformation rules of both the lassial Hamilton-Jaobi and the
Shrödinger equations under spatial dilatations and, more generally under the onformal group, are studied. When
onsidering the transformation of the Hamilton-Jaobi equation, the lassial ation s is supposed to transform as
presribed in our equation (10). However, when the transformation of the Shrödinger equation under dilatations
is onsidered, only a restrited form of this transformation is onsidered leading to the fat that the ψ funtion
transforms as the square root of a density, i.e. as ρ
1
2
. This hypothesis does not take into aount the fat that ψ, as
given by equation (56), is a funtion of both ρ
1
2
and s. As s in the quantum ase obeys a modied Hamilton-Jaobi
equation (41), there is no reason to assume that this quantity does not transform under dilatations. The reason
to disard the transformation of s in the wave funtion in the above mentioned studies is unlear but it is perhaps
related to the fat that this quantity appears in ψ via a omplex phase fator of modulus one. However, there is no
fundamental argument that an support this hypothesis when the Shrödinger equation is deomposed in terms of
the ontinuity equation (26) and the modied Hamilton-Jaobi equation (41).
Before ending this artile, another approah to the transformations (46), (47) should be mentioned. This was in
fat the rst we onsidered hronologially. These transformation rules an, indeed, be generated by the following
element of the algebra G whose denition is
S =
∫
d3x ρ(x)s(x) (62)
It represents the average on the position ensemble of the lassial ation or, up to a fator ~, the ensemble average
of the quantum phase.
An easy alulation using the denition (25) of the funtional Poisson braket gives
{S,Hq} =
∫
d3x
[
ρ|∇s|2
2m
−
~2
2m
∣∣∣∇ρ1/2∣∣∣2
]
= Kq (63)
and
{S,Kq} =
∫
d3x
[
ρ|∇s|2
2m
+
~2
2m
∣∣∣∇ρ1/2∣∣∣2
]
= Hq (64)
The innitesimal transformation for the parameter δα generated by S of any element A of the algebra G is dened
as
A′ = A+ δα {A,S} (65)
Let us apply (65) respetively to both Hq and Kq. It is easily shown that after exponentiating these innitesimal
transformations in order to generate the transformation for nite values of α one reovers equations (46) and (47).
As a onsequene, transformations (20) and (21) are also reovered.
Note also that both generators Hq and Kq tend to Hcl for ~→0, i.e. the times evolution in t and τ beome idential
in the lassial limit. Moreover, the transformation of the time variables (54), (55) beome the identity transformation
for the unique time parameter. This seems to indiate that the niteness of ~ is lifting a degeneray that is intrinsial
to lassial mehanis, and splits the two time variables or as we shall argue in the next hapter, splits two family of
proesses of dierent natures.
Another remarkable property that an be derived from the above relations is the fat that Hq+iKq is a holomorphi
funtion of t+iτ .
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V. Disussion of the nonlinear Shrödinger equation and onlusions
The nonlinear Shrödinger equation (58) in the variable τ , obtained here as a ompanion to the usual linear
Shrödinger equation in the time t, is not a newomer in physis. It has been postulated, though in the time t
variable and in dierent ontexts, by several authors [29℄, [33℄, [34℄. It belongs to the lass of Weinberg's nonlinear
Shrödinger equations [35℄. This equation admits a nonlinear superposition priniple [15℄. It has been studied
as a member of the general lass of nonlinear Shrödinger equations generated by the so-alled nonlinear gauge
transformations introdued by Doebner and Goldin [14℄. The evolution generated by this equation in the τ variable
is nonunitary as Kq an not be redued to the quantum average of a Hermitian operator. In addition, one easily
shows that together with the funtionals of the algebra G generating translations, rotations and Galilean boosts,
Kq onstitutes a funtional anonial representation in G of the Galilei algebra. This means that equation (58) is
Galilean invariant. Another important property is that equation (58) also implies the ontinuity equation for the
probability density funtion ρ. Hene, though non-unitary, this equation obeys minimal physial requirements suh
as Galilean invariane and the equation of ontinuity .
What is the physial meaning of equation (58) and of the temporal parameter τ? In relation with this question, it
is intriguing to notie that, for a free partile, in the τ evolution the produt (∂τ∆x
2)(∂τ∆p
2
) is always negative. This
is reminisent of the proess of state vetor redution in position measurement in whih ∆x2 → 0 while ∆p2 → +∞,
or onversely if one is measuring momentum. Would this τ evolution be related in some way to the nonunitary
proess that physiists like R.Penrose [36℄ are trying to identify for the desription of the wave funtion ollapse? We
present now some arguments going in that diretion.
First, let us disuss the physial meaning of the seond time variable, τ . The alulation of the rossed time
derivative of any funtional A gives
(∂t∂τ − ∂τ∂t)A = {{Hq,Kq} ,A} (66)
The right-hand side of the above equation is generally dierent from zero for most funtionals A. This means that
the two times an not be onsidered as two independent variables. An example is given by the ase where A is ∆x2,
where a sum over k running from 1 to 3 is taken into aount in ∆x2
(∂t∂τ − ∂τ∂t)∆x
2 =
8~2
m2
∫
d3x
∣∣∣∇ρ1/2∣∣∣2 (67)
The only onlusion that an be drawn from this onstatation is that both time variables t and τ represent the
same physial time, however, the proesses they parametrize are of dierent natures and an not our simultaneously
for a given physial system. An analogous situation would be the situation in whih a partile is submitted during a
rst lapse of time ∆t1 to an external potential V1 and, then, during a onseutive time interval ∆t2 it is submitted to
a dierent external potential V2.
Clearly, the two time intervals ould not overlap nitely. In the opposite ase, sine the Hamiltonians orresponding
to both potentials are dierent and do not generally ommute, we would be onfronted to the non ommutativity of the
rossed times derivative. In other terms, a given system an not be submitted to dierent evolutions simultaneously!
This ould seem obvious, but in our ase, this sheds another light on our results.
A non-unitary evolution proesse generated by Kq is, thus, expeted to follow or preede a unitary proess governed
by Hq.
Next, let us disuss the nature of these non-unitary proesses. They are solutions of the nonlinear Shrödinger
equation (58). It is known that this equation, and its omplex onjugate, an be exatly linearized [14℄, [15℄. Indeed,
in terms of the following two funtions ϕ and ϕˆ
ϕ = ρ1/2es/~ (68)
ϕˆ = ρ1/2e−s/~ (69)
the system of equation (58) and its omplex onjugate transform in
~∂τϕ =
~2
2m
∇2ϕ (70)
~∂τ ϕˆ = −
~2
2m
∇2ϕˆ (71)
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i.e., a forward and a bakward diusion equations.
These equations are often onsidered as deriving from the usual linear Shrödinger equation by replaing t by −it.
This leads to what is alled Eulidean Quantum Mehanis.
An interesting property of this system of equations is that, in ontrast with the usual Shrödinger equation, it
admits a lass of solutions orresponding to an initial funtion and a nal funtion that are presribed. These are
the so-alled Bernstein diusion proesses [21℄. This type of solutions have been rst ontemplated by E.Shrödinger
himself [18℄ for the diusion equation. He was, in fat, trying to see whether the Shrödinger equation also ould
admit suh solutions in order to explain the paradoxes of the quantum oherene and of the wave funtion ollapse.
However, the unitarity of the proesses desribed by the Shrödinger equation exludes suh solutions. J.C.Zambrini
and ollaborators [19℄, [20℄ have laried the status of these solutions for the forward and bakward diusion equations.
They proved the existene and uniity of these solutions for any ouple of given well-behaved initial and nal funtions.
This leads us to onlude that proesses like the wave funtion ollapse due to a measurement ould belong to that
lass of Bernstein solutions of the nonlinear equation (58). Indeed, in suh a proess the initial state is speied, but
the redued nal state is in some sense prepared by the operation of measurement. This hypothesis is at the fous of
our present investigation and its results will be exposed in a forthoming publiation.
In onlusion, the requirement of ovariane under spae dilatations that preserve the Heisenberg inequality leads
not only to the unitary proesses desribed by the usual Quantum Mehanis, it generates also an equation desribing
non-unitary proesses that ould orrespond to the ollapse proesses. Both types of proesses an our only in
suession and are oupled in the sale transformations orresponding to our postulate. More work on this question
is neessary and study of experimental situations where this interpretation ould be veried will be arried out.
Another interesting question emerging from the above framework onerns the onsequenes of requiring loal
invariane under the dilatations (8), (10), i.e dilatations with spae dependent parameter α(x). Would this
requirement result in the existene of a new fundamental interation eld?
Finally, the most exiting question is about the piture of spae-time that would emerge from the ombination of
the speial or general relativity invariane with the quantum invariane desribed here.
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hor
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